The direction of arrival (DOA) estimation problem has been studied for decades and is essential in the radar, wireless communications, and array signal processing applications. In this paper, the DOA estimation problem in the scenario with gainphase errors is considered, and a sparse model is formulated by exploiting the signal sparsity in the spatial domain. By proposing a new atomic norm, an optimization method is formulated via deriving a dual norm of the new atomic norm. Then, the corresponding semidefinite program (SDP) is given to estimate the DOA efficiently, where the SDP is obtained based on the Schur complement. Moreover, a regularization parameter is obtained theoretically in the convex optimization problem. Simulation results show that the proposed method outperforms the existing methods, including the subspace-based and sparse-based methods in the scenario with gain-phase errors.
I. INTRODUCTION
The estimation problem of the direction of arrival (DOA) has been studied for decades in the applications including radar, wireless communications, array signal processing, etc [1] . Traditionally, the DOA is estimated by the discrete Fourier transform (DFT)-based methods [2] - [4] , where the antenna array is described as a spatial sampling, but the resolution of DFT methods are limited by the Rayleigh criterion [5] .
To break the Rayleigh criterion, the super-resolution methods have been proposed, and the subspace-based methods have been widely used in the scenarios with multiple measurements to estimate the covariance matrix of received signals in the antenna array. For example, the multiple signal classification (MUSIC) method [6] and the estimating signal parameters via rotational invariance techniques (ESPRIT) method [7] , where the MUSIC method estimate the DOA with the noise subspace but the ESPRIT uses the signal subspace. Then, the extension algorithms based on the MUSIC and ESPRIT methods are proposed in the present papers, such as Root-MUSIC method [8] , space-time MUSIC method [9] , G-MUSIC method [10] , higher order ESPRIT and virtual ES-PRIT [11] , etc. Recently, to further improve the DOA estimation performance, the compressed sensing (CS) methods have been proposed by exploiting the signal sparsity in the spatial domain [12] - [15] . Ref. [15, 16] propose the CS-based DOA estimation methods in the multiple-input and multiple-output (MIMO) radar systems. A compressed sparse array scheme is proposed in [17] . However, in the CS-based methods, the dictionary matrix is formulated by discretizing the spatial domain. The discretized angles introduce the off-grid, and the off-grid methods have been proposed to solve this problem [18] . For example, the structured dictionary mismatch is considered, and the corresponding sparse reconstruction methods are proposed in [19] . A sparse Bayesian inference is given in [20] with the off-grid consideration. Moreover, an iterative reweighted method [21] estimates the off-grid and sparse signals jointly.
The super-resolution methods based on the sparse theory and avoiding the discretization have been proposed. In [22] , total variation norm is introduced, and show that the exact locations and amplitudes of the line spectrum can be recovered by solving a convex optimization problem. Therefore, the DOA estimation problem can also be described as a type of line spectral estimation problem [23] , and a generalized method is proposed in [24] by formulating the sparse signal recovery problems over a continuously indexed dictionary. Then, the atomic norm as a generalized form of total variation norm formulated, and an upper bound on the optimization of an atomic norm is given in [25] . Atomic norm minimization (ANM) method with multiple measurement vectors (MMV) is proposed [26] , and a Toeplitz covariance matrix reconstruction approach is also given in [27] to formulate a low-rank matrix reconstruction during the DOA estimation.
However, the existing ANM methods assume the perfect antenna array during the DOA estimation without considering the inconsistent antennas. In the practical antenna array, the gain-phase errors among antennas degrade the DOA estimation performance [28, 29] . The CS-based method for the DOA estimation is proposed in [30] , and ref. [31] describes the localization method for the near-field sources with gain-phase errors. However, the DOA estimation based on the gridless sparse theory in the scenario has not been proposed.
In this paper, the DOA estimation problem in the scenario with gain-phase errors has been considered, and a new atomic norm is proposed by introducing the gain-phase errors in the norm description. By deriving the dual norm of the proposed atomic norm, an optimization problem is formulated for the DOA estimation. Then, a semidefinite program (SDP) is obtained and can be solved efficiently. Additionally, the regularization parameter for the atomic norm-based method is arXiv:1910.02207v1 [eess.SP] 5 Oct 2019 also obtained, and the CramérâȂŞRao lower bound (CRLB) of DOA estimation is given to compare with the estimation performance. To summarize, we make the contributions as follows:
• A new atomic norm for DOA estimation with gainphase errors: By introducing additional parameters in MMV, a new atomic norm is formulated, and the corresponding dual norm is theoretically obtained. • An SDP problem for the new atomic norm: To solve the new atomic norm efficiently, an SDP problem is formulated by the Schur complement. • Theoretical expressions for the regularization parameter: In the atomic norm-based method, the regularization parameter determines the DOA estimation performance and is theoretically obtained to describe the reconstruction bound.
The remainder of this paper is organized as follows. The DOA estimation model in the uniform linear array (ULA) with gain-phase is formulated in Section II. The atomic normbased DOA estimation method is proposed in Section III. The regularization parameter is theoretically obtained in Section IV. The CRLB of DOA estimation is given in Section V, and the simulation results are shown in Section VI. Finally, Section VII concludes the paper.
Notations: diag{a} denotes a diagonal matrix and the diagonal entries are from the vector a. (·) T and (·) H denote the matrix transpose and the Hermitian transpose, respectively. · 1 , · 2 , · F denote the 1 norm, the 2 norm, and the Frobenius norm, respectively. · * denotes the dual norm. I N denotes an N × N identity matrix. ⊗ denotes the Kronecker product. Tr {·} denotes the trace of a matrix. R{a} denotes the real part of complex value a.
II. SYSTEM MODEL WITH GAIN-PHASE ERRORS
Suppose the DOA estimation problem for K signals in the ULA with unknown gain-phase errors, and the received signal with P snapshots (multiple measurements) can be expressed as
where Y ∈ C N ×P and N denotes the number of antennas with the antenna space being d. The signals are denoted by a matrix S s 0 , s 1 , . . . , s K−1 T , where the k-th signal is defined as s k s k,0 , s k,1 , . . . , s k,P −1 T . The steering matrix is denoted as A a(θ 0 ), a(θ 1 ), . . . , a(θ K−1 ) , where θ k is the DOA of the k-th signal. The steering vector is defined as a(θ)
1, e jξ sin θ , . . . , e j(N −1)ξ sin θ T ,
where ξ 2πd λ and λ denotes the wavelength. In the imperfect ULA systems, the received signals are effected by the antenna inconsistent, and we use a diagonal matrix G in (1) to describe the gain-phase errors. The diagonal matrix G ∈ C N ×N can be expressed as
where we define g g 0 , g 1 , . . . , g N −1 T as the gain-error vector (g n ∈ R) and φ φ 0 , φ 1 , . . . , φ N −1 T as the phaseerror vector (φ n ∈ [0, 2π)). In this paper, by exploiting the signal sparsity in the spatial domain, we will estimate the DOA parameters θ = θ 0 , θ 1 , . . . , θ K−1 T from the received signal Y with the unknown antenna inconsistent g and φ. To avoid the discretized grids in the spatial domain, we will propose a new atomic norm and formulate the DOA estimation problem as an optimization problem with new atomic norm.
III. ATOMIC NORM-BASED GRIDLESS DOA ESTIMATION

A. Preliminary Atomic Norm
To improve the DOA estimation performance by exploiting the signal sparsity, the ANM-based methods have been proposed. Different from the exiting sparse-based methods, the ANM methods reconstruct the sparse signals without discretizing the spatial domain and formulating the dictionary matrix, so the ANM methods are the Gridless sparse methods.
Usually, for the DOA estimation with perfect antennas, the system mode is formulated as
so the atomic set is defined as
Then, the DOA estimation in (4) is transferred into the following optimization problem (ANM)
where the atomic norm is defined as
Then, the ANM problem can be solved by SDP [18, 23, 35] . However, in the existing ANM methods, the gain-phase errors among antennas have not been considered, where the existing atomic norm cannot be directly used. Therefore, we will propose a new atomic norm for the DOA estimation in the scenario with gain-phase errors and improve the robustness of atomic norm-based method.
B. New Atomic Norm Method for DOA Estimation
1) The Definition of New Atomic Norm: Without the noise, the received signal can be also expressed as
From the gain-phase model in (3), the antenna inconsistent e in (8) 
vector with all the entries being 1.
Then, we propose a new atomic norm to describe X in the scenario with gain-phase errors, and the atomic norm is defined as
Note that, the 2 norm for the gain-phase error e 2 ≤ 1 can be easily extended to the sparse norm e 1 ≤ 1. When we have e 1 ≤ 1, we can obtain e 2 ≤ 1 with e 1 ≥ e 2 . Therefore, the proposed atomic norm can be used in the scenario with the sparse gain-phase errors, where only a few antennas are inconsistent.
However, it is a NP-hard problem in (9) to find the minimum K by the atomic decomposition of X. An atomic norm Ã is proposed by a convex relaxation of Ã ,0 , and is defined as
type of atomic norm, the novel DOA estimation method will be proposed, and the corresponding algorithm will be given in the following sections.
2) DOA Estimation Using New Atomic Norm: With the received signals Y and the additive noise N , the DOA estimation problem can be described by following optimization problem
where the first term is used to control the reconstruction performance and the second one is for the sparsity of X. The regularization parameter τ is adopted to control the balance between the reconstruction performance and the sparsity. We will show how to get the regularization parameter τ in the following sections. To solve the optimization problem (11), we have the following proposition Proposition 1. With the optimization (11) , the dual problem of (11) is
where U * Ã denotes the dual norm of U Ã .
Proof. Using a Lagrange multiplier U , we first formulate the following Lagrange function of the optimization problem (11) as
where the inner product between matrices is defined as
Using the Lagrange function, the dual problem of (11) is given as [36] 
Then, we define the dual norm of atomic norm as [34] U * Ã sup
where atomic norm is given in (10) . L 2 (U ) can be simplified as
where the indicate function is defined as
Additionally, L 1 (U ) can be obtained as
Therefore, the dual problem in (14) can be simplified as (12) .
With the dual problem, we obtain a SDP problem to solve (14) efficiently. The SDP problem is given as the following proposition.
Proposition 2. With the gain-phase error vector e, the dual problem (12) for DOA estimation with multiple measurements can be simplified as the following SDP problem
Proof. In the dual problem (12) , with the atomic norm definition having a gain-phase error e in (10), the dual norm U * Ã can be expressed as
where (a) is from the definition of atomic norm with gainphase errors, (b) is obtained with the definition of inner product between matrices, and (c) is given by
Then, for the constraint U * Ã ≤ τ , we build the following positive semidefinite matrix
where Q and W are the Hermitian matrices. With the Schur complement, when W is invertible, the matrix is positive semidefinite if and only if we have
Therefore, for any vector
When the gain-phase errors are considered, we formula t = a(θ) + e, and we have
Since e 2 ≤ 1 and Q 0, we have Qe
2 . Therefore, we can simplified (26) as
When Q satisfies the following condition
we have U H [e + a(θ)] 2 2 ≤ τ 2 . Therefore, substitute into (20) and the constraint U * Ã ≤ τ is satisfied, then, the dual problem (12) can be simplified as the SDP problem in (19) .
From the SDP problem, we can get a straightforward corollary.
whereÛ andQ are the solutions of the SDP problem in (19) .
Proof. From (25), we can find that for any θ, we have
Therefore, from the construction ofQ in (28), we obtain
Then, the DOA can be obtained by searching the peak values of Û a(θ) 2 2 , which is closed to
The estimated DOAs are denoted asθ k (k = 0, 1, . . . , K − 1).
To estimate the other unknown parameters including e, b k , d k , we formulate the following optimization problem
The unknown parameters can be solved by alternative optimization using least square (LS) method.
The details of the proposed method for the DOA estimation is given in Algorithm 1. The computational complexity of the proposed method is almost the same with the traditional atomic norm minimization (ANM) method. Only a 2 norm for the matrix Q is added in the SDP problem, so the computational complexity is O(N 3 ) more than the ANM method at each iteration.
Algorithm 1 New Atomic Norm Method for DOA Estimation
With Gain-Phase Errors 1: Input: received signal Y , noise variance σ 2 n , the number of antennas N , and the number of measurements (snapshots) P . 2: Initialization: τ = ησ n 4N P ln(N ). 3: Formulate the SDP problem as (19) , and obtain the matrix U . 
IV. THE REGULARIZATION PARAMETER τ
In (11), the regularization parameter is important and has a great effect on reconstructing the sparse signal, so we will obtain the regularization parameter in this section.
Usually, the regularization parameter τ can be chosen as [37] τ ≈ ηE N * Ã (η ≥ 1).
To get E N * Ã , we can obtain the following proposition to determine the regularization Proposition 4. The entries in N ∈ C N ×P follow the zeromean Gaussian distribution with the variance being σ 2 N and the entries are independent. With the probability more than 1 − 2e −t 2 /2 , the upper bound of N * Ã can be obtained as
where the definition of dual atomic norm is defined in (20),
Proof. The entries of N follow the zero-mean Gaussian distribution with the variance being σ 2 N . The dual norm of N with the definition in (20) can be simplified as where E sup θ∈[0,2π) N H a(θ) 2 ≤ σ N √ 4N P ln N is obtained from Lemma 5.1 of [37] . Additionally, we can obtain the upper bound of E { N 2 } as two types. The first type is
where the gamma function is defined as Γ(x) ∞ 0 z x−1 e −z dz. Then, we have
With the probability more than 1−2e −t 2 /2 , the second type of upper bound can be formulated as
where the upper bound is obtained from Theorem 5.35 of [38] . Therefore, when we can choose t = 4, the probability of E { N 2 } ≤ √ N + √ P + 4 is more than 0.9993. In Fig. 1 , we show the two types of upper bounds, where the antenna number N is 10, and the number of measurements P is from 1 to 100. When P ≤ 11, we have bd 1 ≤ bd 2 , and bd 1 > bd 2 with P > 11. Hence, for larger P , we choose bd 2 as the tighter upper bound, and for smaller P , we choose bd 1 .
Finally, the upper bound of E N * Ã can be obtained as
Then, the regularization parameter τ is
We will show that with the regularization parameter τ , the probability of N * Ã ≥ τ η can be obtained as
The incomplete Gamma function is defined as Γ(s, x) ∞ x t s−1 e −t dt. Therefore, with probability 1− 1 N 2 − 1 − 1 N 2 z(N, P ), the reconstruction error is limited by
whereX denotes the estimated X by minimizing the atomic norm, and X * denotes the ground-truth X. Therefore, the reconstruction sparse signal can approach the ground-truth signal with high probability.
V. CRLB FOR DOA ESTIMATION WITH GAIN-PHASE ERRORS
For the DOA estimation problem Y = GAS + N , we use A a(θ 0 ), a(θ 1 ), . . . , a(θ K−1 ) to denote the steering matrix, and we assume n = vec{N } ∼ CN (0, σ 2 n I). We consider K unknown signals S = s 0 , s 1 , . . . , s K−1 T , and we assume s follows the zero mean Gaussian distribution with E(ss H ) = B and s ∼ CN (0, B) , where s vec{S}. Then, in this section, the CRLB will be derived theoretically to indicate the DOA estimation performance of the proposed method.
The received signal can be written in a vector form as
where G diag{g}. Therefore, with the DOA parameter θ θ 0 , θ 1 , . . . , θ K−1 T and the gain-phase error g g 0 , g 1 , . . . , g N −1 T , and the received signal follows the Gaussian distribution
where C (I ⊗ GA)B(I ⊗ (GA) H ) + σ 2 n I. The probability density function of Gaussian distribution y ∼ CN (0, C) can be expressed as
The Fisher information matrix F can be written as
where we have
• The k 1 , k 2 -th entry of Fisher information matrix F 1,1 can be obtained as
where we have ∂ ln det{C} ∂θ k1 ∂θ k2 = Tr
Therefore, F k1,k2 can be simplified as
(55)
• The k 1 , k 2 -th entry of Fisher information matrix F 1,2 can be obtained as
where we have ∂ ln det{C} ∂θ k1 ∂g k2 = Tr
• Similarly, we can get the k 1 , k 2 -th entry of Fisher information matrix F 2,1 as
• The k 1 , k 2 -th entry of Fisher information matrix F 2,2 can be obtained as
Additionally, we have
and We also have
The CRLB of DOA estimation can be expressed as
However, the Fisher information matrix is singular and it is inconvenient to obtain the inverse of the Fisher information matrix, so the CRLB can be also rewritten as
VI. SIMULATION RESULTS
The simulation parameters are given in Table I . The number of Monte Carlo simulations is 10 3 . We consider the DOA estimation in the scenario with much few measurements (snapshots) P = 5. The minimum separation between signals in degree is ∆ ≥ 10 • . All the simulation results are obtained on a PC with Matlab R2018b with a 2.9 GHz Intel Core i5 and 8 GB of RAM. The code of proposed algorithm will be available online after that the paper is accepted.
The gain errors among antennas are generated by a Gaussian distribution g n ∼ N (0, σ 2 A ), n = 0, 1, . . . , N − 1,
where σ 2 A denotes the variance of gain errors. The phase errors in degree also follow a Gaussian distribution φ n ∼ N (0, σ 2 P ), n = 0, 1, . . . , N − 1,
where σ 2 P denotes the variance of phase errors. Then, the gainphase error for the n-th antenna is (1 + g n )e jφn .
First, we try to estimate 3 signals from the received signals, and the ground-truth DOAs are −56.8889 • , −7.6806 • , and 5.9595 • . When the ANM method is adopted, the DOAs are estimated by the polynomial of the ANM method. As shown in Fig. 2 , the polynomial of ANM method is given.
Since the antennas in the array have gain-phase errors, the polynomial has multiple peak values, and the DOAs cannot be estimated well. The estimated DOAs are −56.4480 • , 5.6840 • , and 28.7000 • , so the estimation error is much large. However, when the proposed method with the new atomic norm is adopted, we can obtain the polynomial in Fig. 3 . The peak values are well distinguished, and the estimated DOAs are −56.6860 • , −7.6300 • , and 5.9640 • . Therefore, the proposed method outperforms the traditional ANM method in the DOA estimation with gain-phase errors. Additional, we compare the DOA estimation performance of the proposed method with existing methods, including MU-SIC, simultaneous orthogonal matching pursuit (SOMP) [39] , and sparse Bayesian learning (SBL) [40] methods. MUSIC method is a subspace-based method and has been widely used in the DOA estimation with better performance and robustness. SOMP method is the sparse-based method and has been widely used in the sparse reconstruction problem. SBL method is a sparse method and has great reconstruction performance but has high computational complexity. The DOA estimation performance is measured by the root mean square error (RMSE). RMSE is defined as
where N mc denotes the number of Monte Carlo simulations, and K denotes the number of signals in one simulation. θ n mc,k is the ground-truth DOA of the k-th signal during the n mc -th simulation, andθ n mc,k is the corresponding estimated DOA. The RMSEs of ANM, MUSIC, SOMP, SBL and the proposed method are shown in Table. I. The RMSE of proposed method is 0.01458 in deg, and 76% better than MUSIC. Additionally, since the multiple peak values in the polynomial of ANM method, the DOA cannot be estimated well and the RMSE of ANM method is much larger than other methods. The spatial spectrums of these 4 methods are shown in Fig. 4 , where we can see that the spectrum of SBL is much better than that of MUSIC method. SOMP and proposed methods are the sparsebased method, so we show the reconstruction results in the figure of spatial spectrum. The spatial spectrum of proposed method is much close to the ground-truth DOA. Then, to show the DOA estimation performance with different variances of grain-phase errors, we give the DOA estimation performance with different variances in Fig. 5 and Fig. 6 , where Fig. 5 uses the traditional ANM method and Fig. 6 uses the proposed method. When the variance of the gain-phase error is small, both ANM and proposed methods can approach the CRLB in DOA estimation. However, when the variance of the gain-phase error is large, the ANM method degrades the RMSE significantly. The proposed method can also keep the estimation performance well. Therefore, with the new atomic norm, the effect of gain-phase error can be reduced effectively. For different SNRs, the DOA estimation performance is shown in Fig. 7 , where the SNR is from 0 dB to 30 dB. When the SNR is higher than 15 dB, the estimation performance is almost the same. MUSIC method can achieve better estimation performance than the ANM, SOMP, and SBL methods in the scenario with gain-phase errors. The proposed method achieves the best estimation performance among these methods when the SNR is higher than 5 dB. Since the CRLB does not consider the gain-phase error, the CRLB can be further improved with higher SNR, but the estimation performance has platform effect and cannot be improved when SNR is higher than 20 dB. When we keep the standard deviation of phase errors σ P as 10 in degree, and change that of gain errors, the corresponding RMSE of DOA estimation is shown in Fig. amp . σ A changes from 0 to 0.3, and the estimation error is only improved from 0.33 to 0.32 using the proposed method. However, the existing methods degrade the DOA estimation performance significantly with larger gain errors. Moreover, keeping σ A = 0.15, we change σ P from 0 to 20 in degree, and the DOA estimation performance is shown in Fig. 9 . As shown in this figure, the proposed method achieves the best estimation performance among these methods. Therefore, in the scenario with gainphase errors, the proposed method can work well.
In the super-resolution methods, the minimum separation between signals is important and shows the ability of superresolution, so we show the DOA estimation performance with different minimum separations in Fig. 10 . With larger separation, the correlation between the received signal can be reduced so that the better estimation performance can be achieved. Additionally, the number of measurements is vital for the complexity consideration, and the corresponding estimation performance is shown in Fig. 11 . The proposed can outperform the existing methods when the number of measurements is more than 3.
With different numbers of antennas and signals, the DOA estimation performance is shown in Fig. 12 and Fig. 13 , respectively. As shown in these two figures, when the number of antennas is more than 10 or the number of signals is less than 4, the proposed method can achieve better estimation performance. Furthermore, the computational time is shown in Table III , the proposed method has relative higher computational complexity. As shown in the results of this section, the proposed method can generally achieve better DOA estimation performance in the scenario with gain-phase errors. The number of measurements 
VII. CONCLUSIONS
The DOA estimation problem has been considered in the scenario with gain-phased errors, and the new atomic norm has been proposed to formulate the optimization problem. Then, the SDP formulation has been derived to solve the DOA estimation problem efficiently, and the corresponding regularization parameter has been obtained theoretically. Simulation results show that the proposed DOA estimation method outperforms the existing methods in the scenario with gainphase errors. Future work will focus on the generalized atomic norm in the applications with imperfect antennas.
